We study the quantum theory of the singular scalar field ϕ minimally coupled to gravity. In our approach, the scalar field is treated as a true quantum variable, while the scale factor a(t) is supposed to be classical. We evaluate the quantum average of the self-interaction potential V (ϕ) and use it in the modified differential equation for the Hubble parameter.
INTRODUCTION
The classical self-interacting scalar field minimally coupled to gravity is the key element of various models of the evolution of the Universe. (The papers are far too numerous to list here. The references can be found in many reviews, e.g., [1] , [2] , [3] , [4] .) The general action of the system is
(1) The standard cosmological framework is based on the FLRW metric ds 2 = dt 2 − a 2 (t) d x 2 , with flat threedimensional space where t is the cosmic time and a(t) is the scale factor.
The scalar field is assumed to be spatially constant: ϕ(x µ ) = ϕ(t) . Under the above assumption, ϕ(t) is not a true field but a mechanical variable. Nevertheless, we keep the name "field" for it.
For convenience, in this paper, we consider the Euclidean version of the theory [5] , [6] given by the action
(2) The most popular approach to studying the time evolution of the scale factor is to use the equation of motion for the classical scalar field
and the Einstein equations
simultaneously. Here, H is the Hubble parameter
.
It is well known that the equations (3), (4), (5) are redundant. In particular, forφ = 0 the last two equations imply the first one.
In this paper, we suggest treating the scalar field as a true quantum variable, while the scale factor a(t) is supposed to be classical. Now the equation of motion (3) is not valid for the quantum field ϕ(t). Moreover, as we will see in the next section, the derivativeφ(t) should be understood in a generalized sense, and the second derivative of the quantum fieldφ(t) is not defined at all. Therefore, the equation (3) cannot be derived from the equations (4), (5) .
The main idea of this paper is to modify the equatioṅ
that follows from (4), (5), for the case of the quantum scalar field.
Namely, instead of dealing with the classical scalar field potential V (ϕ(t)) , we first evaluate its quantum average V (t) and then use it in the Riccati equation for Ḣ
The rest of the paper is organized as follows. First, in Sec. 2 , we specify the model and reduce the problem of quantum averaging over the singular fields to the evaluation of Wiener integrals. In Sec. 3 , we evaluate the Euclidean quantum average of the potential V . Sec. 4 addresses the asymptotic solutions of the Riccati equation for H . In Sec. 5 , we give the concluding comments.
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2 THE MODEL One of the most popular inflationary potentials is the one arising from the Starobinsky R 2 model [7] , [8] :
Note that exponential scalar field potentials appear in many other approaches (see, e.g., [9] , [10] and references therein). We define the quantum averaged potential V (t) as the functional integral
with
In what follows, we will not write the normalizing factor N down explicitly. The constant term V 0 in the exponent is cancelled by the same term in the normalizing factor N −1 . Also, the presence of the constant V 0 in the pre-exponential factor in the integrand is eliminated by the shift in the cosmological constant. Therefore, we consider the equivalent potential of the form
We assume that there is an initial singularity and it is given by the initial condition ϕ(0) = −∞ . As it follows from (10), V (ϕ(0)) = +∞ .
Therefore, in the equation (9), the functional integration is performed over the space of functions continuous on the axis (0, +∞) except the initial point t = 0 .
Thus, we have
Using the nonlinear nonlocal substitution
and its inverse
we get the following equality of the functional integrals [11] (see, also, [12] ):
where V (ξ(t)) = V (ϕ(ξ(t))) , and the Wiener measure is written as
As it is well known, the Wiener process ξ(t) is nondifferentiable. And in the above equation, the derivativeξ(t) is understood in a generalized sense.
THE EVALUATION OF EUCLIDEAN QUANTUM AVERAGE OF THE POTENTIAL
Now we rewrite the potential V in terms of ξ .
Note that the explicit dependence on the parameter λ is missing in (15). As V (ξ(t)) does not depend on the moments of time exceeding t , the Wiener integration in the r.h.s. of the equation (14) over the space of functions ξ ∈ C([0, +∞)) is reduced to the Wiener integration over the space
Therefore, V (t) has the obvious meaning. It is nothing but the mean value of the function of Wiener process at the moment of time t .
where
and
The substitution
and the identity
make it possible to rewrite the integrals I 1 , I 2 in the form
where σ = |α| √ t . The above Wiener integrals (20) and (21) are the first two terms in the expansion of the generating integral ) .
A proof of the equation (22) (too lengthy one for the letter) can be obtained using the technique developed in [11] , [13] . Thus, the results are 
THE ASYMPTOTIC BEHAVIOUR OF THE MODEL
We postpone the detailed analysis of numerical solutions of the Riccati equation (7) for different values of the parameter α until a forthcoming paper. And here, we study the asymptotic behaviour of the solution at t → +0 and t → +∞ .
However, first we make a general comment. A graph of the averaged potential has a typical depression (FIG.1) . So, there are solutions of the Riccati equation witḣ H(t) > 0 ,ä(t) >ȧ 2 (t) a(t) in this region.
